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1 Benchmarks

This section studies the benchmark cases of one-shot noiseless and noisy sig-
nalling and repeated noiseless signalling, in order to provide comparisons to the
main models of dynamic noisy signalling.

Both the one-shot and repeated noiseless models always have a continuum
of separating equilibria in which the payoffs of the types are independent of the
initial log likelihood ratio. In the dynamic noisy models of this work, the exis-
tence and payoffs of nonpooling equilibria depend on l0. The noiseless models
feature a continuum of pooling equilibria with positive effort, which are absent
from the dynamic noisy models.

The one-shot noisy model has at most four equilibria. The existence and
payoffs of the nonpooling equilibria depend on l0. Pooling on positive effort is
never an equilibrium. The effort of L is lower than that of H in any equilibrium.
This differs from the bad news Poisson model. Unlike in the good news Poisson
model, the utility of L can be higher in an informative equilibrium than in
pooling.

1.1 One-shot noiseless signalling

In this section, we recall the game of Spence (1973). Modifications to Spence’s
model are pointed out as they are made.

The players are a sender and a competitive market of receivers. The sender
is one of two types, H or L, with initial log likelihood ratio l0 ∈ R.

Both types of sender have action set [0,∞). A mixed action of type θ is a
cdf Fθ on [0,∞). A pure action is a cdf Fθ that is constant everywhere except
at some e ∈ [0,∞). Such a pure action is written as e for simplicity. Effort e
costs cθe to type θ ∈ {H,L}, with cL > cH > 0.

Upon observing an action e, the receivers update the log likelihood ratio
from l0 to l, using Bayes’ rule where possible. Type θ sender’s utility from
effort e and the receivers’ log likelihood ratio l is uθ = β(l) − cθe. In Spence
(1973), the sender’s benefit from the receivers’ belief is one plus the belief, i.e.

β(l) = 1 + exp(l)
1+exp(l) .

Definition 1. A perfect Bayesian equilibrium consists of (possibly mixed) ac-
tions F ∗L, F ∗H for types L,H of the sender and, for each action e of the sender,
a log likelihood ratio l(e) s.t.

1. if eθ is in the support of F ∗θ , then eθ ∈ arg maxe β(l(e))− cθe,

2. l(e) is derived from Bayes’ rule after efforts e that are in the support of
F ∗L or F ∗H and is arbitrary elsewhere.

There is a continuum of separating equilibria with e∗L = 0 and e∗H = e∗ > 0.
In them, e∗ satisfies βmin ≥ βmax−cLe∗ and βmin ≤ βmax−cHe∗. For e < e∗, the
log likelihood ratio is l(e) = −∞ and for e ≥ e∗, l(e) =∞. The expected utility
of L is the same from all separating equilibria, while the utility of H decreases in
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e∗. Neither the utilities of the types nor the minimal separating effort βmax−βmin

cL
depends on l0, which Kreps and Sobel (1994) consider unintuitive.

There is also a continuum of pooling equilibria with e∗L = e∗H = ê > 0, where

βmin ≤ β(l0) − cLê. For e < ê ≤ β(l0)
cL

, l(e) = −∞ and for e ≥ ê, l(e) = l0.
These equilibria exist even if cL = cH .

A pooling equilibrium where e∗L = e∗H = 0 exists for all parameter values,
supported by the updating rule l(e) = l0 ∀e. The L type has a higher ex-
pected utility in the equilibrium with pooling on e = 0 than in all the equilibria
mentioned previously.

The utility of H is higher in a separating equilibrium prescribing e∗ than
under pooling on e = 0 iff βmax − cHe∗ > β(l0). A separating equilibrium in
which H has higher utility than in pooling on e = 0 exists iff

βmax − cH
βmax − βmin

cL
> β(l0).

The receivers get zero profit from any equilibrium due to competition, so

welfare is exp(l0)
1+exp(l0)uH + 1

1+exp(l0)uL. Pooling on zero effort yields lower welfare

than the least costly separating equilibrium iff

β(l0) ≤ exp(l0)

1 + exp(l0)

[
βmax − cH

βmax − βmin

cL

]
+

1

1 + exp(l0)
βmin.

This fails if β(l) = exp(l)
1+exp(l) , so pooling on zero gives the highest welfare in that

case.
If in the game described above the sender’s action is restricted to [0, 1], then

a separating equilibrium exists iff cL ≥ βmax − βmin. The other results are
unchanged.

1.2 One-shot noisy signalling

Consider the game described in the previous section, with the action set of both
types being [0, 1]. Assume the receivers do not observe the sender’s effort, but
only see one of two signals, g or b, interpreted as good and bad respectively.
Effort increases the probability of g, specifically Pr(g|e) = λe + 1−λ

2 , with λ ∈
(0, 1) being the precision of the signal and e the chosen effort.

Both signals have positive probability after any e. Denote the log likelihood
ratio after signal x ∈ {g, b} by l(x). The strategy the receivers expect from type
θ is the cdf F ∗θ on [0, 1]. The updating rule is

l(x) = l0 + ln

∫ 1

0
Pr(x|e)dF ∗H(e)∫ 1

0
Pr(x|e)dF ∗L(e)

. (1)

Type θ sender’s expected utility from pure action e is

−cθe+

[
λe+

1− λ
2

]
β(l(g)) +

[
−λe+

1 + λ

2

]
β(l(b)). (2)
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Definition 2. A perfect Bayesian equilibrium of the one-shot noisy signalling
game consists of (possibly mixed) actions F ∗L, F

∗
H for types L,H of the sender

and log likelihood ratios l(g), l(b) after signals g, b s.t.

1. if F ∗θ puts positive probability on e, then e maximizes (2),

2. given F ∗H , F
∗
L, the log likelihood ratios l(g), l(b) are derived from (1).

For any mixed strategy of the sender there is a pure strategy yielding the
same signal distribution and cost. The signal distribution determines the distri-
bution of the benefit. It is therefore without loss to consider only pure strategies.
Henceforth ‘strategy’ and ‘equilibrium’ refer to pure strategy and pure equilib-
rium.

If the two types are expected to take actions leading to the same signal
distribution, then l(g) = l(b) = l0. In that case both types would choose
action 0 to avoid the signalling cost. Unlike in Spence (1973), there can be no
equilibrium with both types exerting the same positive effort.

If the receivers expect actions e∗L > e∗H , then l(g) < l(b) and therefore
β(l(g)) < β(l(b)). Then both types would switch to e = 0 to avoid the signalling
cost and reduce the probability of the g signal.

The previous two paragraphs rule out e∗L = e∗H > 0 and e∗L > e∗H , so in
equilibrium either e∗L = e∗H = 0 or e∗H > e∗L.

It cannot be that both types choose e ∈ (0, 1) in equilibrium. The benefit
from a good signal is the same for both types and the cost of effort is lower
for H, so when H is indifferent between two different efforts, L strictly prefers
e = 0.

The set of equilibria is characterized in Proposition 1. Define the maximal
and minimal log likelihood ratios reachable from l0 by

l(g) = l0 + ln
Pr(g|1)

Pr(g|0)
, l(b) = l0 + ln

Pr(b|1)

Pr(b|0)
.

These are the log likelihood ratios after signals g, b when type L is expected to
choose the minimal effort e∗L = 0 and type H the maximal effort e∗H = 1. The
marginal cost of effort to type θ is cθ at any e. The marginal benefit to both
types under the expectation e∗L = 0, e∗H = 1 is λ[β(l(g)) − β(l(b))], as can be
seen from (2). This is the maximal feasible marginal benefit of effort.

Proposition 1. 1. If cH > λ[β(l(g))− β(l(b))], then the unique equilibrium
is e∗L = e∗H = 0, called pooling.

2. If cH = λ[β(l(g)) − β(l(b))], then the equilibria are pooling and e∗L = 0,
e∗H = 1, called the max info equilibrium.

3. If cH < λ[β(l(g))−β(l(b))] ≤ cL, then the equilibria are pooling, max info
and e∗L = 0, 0 < e∗H < 1, called interior e∗H .

4. If cL < λ[β(l(g)) − β(l(b))], then the equilibria are pooling, interior e∗H
and 0 < e∗L < 1, e∗H = 1, called interior e∗L.
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Proof. Given the expectations of the receivers, which determine l(g), l(b) via (1),
action 1 is a best response for type θ if

−cθ +
1 + λ

2
β(l(g)) +

1− λ
2

β(l(b)) ≥ 1− λ
2

β(l(g)) +
1 + λ

2
β(l(b)),

which is equivalent to cθ ≤ λ[β(l(g)) − β(l(b))]. Action 0 is a best response if
cθ ≥ λ[β(l(g))− β(l(b))].

If pooling is expected, then l(g) = l(b) and λ[β(l(g))− β(l(b))] = 0. In that
case, 0 is the unique best response for both types, so pooling is an equilibrium.
This observation is independent of the parameters.

Maximizing β(l(g))−β(l(b)) by choosing e∗H , e
∗
L, we get e∗L = 0 and e∗H = 1 as

the unique solution, because β is strictly increasing. If cH > λ[β(l(g))−β(l(b))],
then for any expectations of the receivers, 0 is the unique best response for both
types.

If cH = λ[β(l(g))−β(l(b))] and the receivers expect e∗L = 0 and e∗H = 1, then
H is indifferent between actions 0 and 1, while L strictly prefers 0. Max info
is thus an equilibrium. There are no other equilibria, because if the receivers
expect e∗H < 1 or e∗L > 0, then β(l(g))− β(l(b)) < β(l(g))− β(l(b)), so 0 is the
unique best response for H.

If cH < λ[β(l(g))−β(l(b))] ≤ cL and the receivers expect e∗L = 0 and e∗H = 1,
then H strictly prefers 1 and L weakly prefers 0, so max info is an equilibrium.
Due to the continuity of β and the continuity of l(g), l(b) in e∗H , e

∗
L, by the Mean

Value Theorem there exists êH ∈ (0, 1) such that cH = λ[β(l(g))−β(l(b))] when
the receivers expect e∗L = 0, e∗H = êH . Therefore there exists an equilibrium
where e∗L = 0, e∗H = êH . êH is unique, because β is strictly increasing, l(g)
is strictly increasing in e∗H and strictly decreasing in e∗L and l(b) is strictly
decreasing in e∗H and strictly increasing in e∗L.

If cL < λ[β(l(g)) − β(l(b))], then under expectations e∗H = 1, e∗L = 0, L
strictly prefers e = 1. Under expectations e∗H = 1, e∗L = 1, L strictly prefers
e = 0. By the Mean Value Theorem, there exists êL ∈ (0, 1) such that cL =
λ[β(l(g)) − β(l(b))] when the receivers expect e∗L = êL, e∗H = 1. Again, êL
is unique, so there is a unique interior e∗L equilibrium. The reasoning in the
previous paragraph showing the existence of a unique interior e∗H equilibrium
still holds.

The parameter regions for the equilibria are illustrated in Fig. 1 for β(l) =
exp(l)

1+exp(l) (the sender’s benefit from the receivers’ belief equals the belief). The

prior Pr(H) = exp(l0)
1+exp(l0) is on the horizontal axis and the signal precision λ

on the vertical axis. The equilibria in the top (unshaded) region are pooling,
interior e∗H and interior e∗L. The equilibria in the middle region are pooling, max
info and interior e∗H . Pooling is the unique equilibrium in the bottom region. As
the comparison of the panels indicates, decreasing cH expands the region where
the max info equilibrium exists at the expense of the region where only pooling
exists. Decreasing cL expands the region where the interior e∗L equilibrium exists
and correspondingly shrinks the region where max info exists.
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(a) cH = 0.1, cL = 0.2 (b) cH = 0.05, cL = 0.2

(c) cH = 0.05, cL = 0.15

Figure 1: Equilibrium regions for β(l) = exp(l)
1+exp(l)
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Figure 1 also shows that when l0 → −∞ or l0 → ∞, pooling is eventually
the unique equilibrium. This is in contrast to Spence (1973) where separating
equilibria exist for all parameter values. Restricting the sender to action set
[0, 1] in the Spence game, the existence of separating equilibria depends on cL,
βmax and βmin, but not on l0.

An interesting feature of the interior e∗L equilibrium is that the expected
posterior variance decreases in the signal precision. This is because L must be
indifferent: cL = λ[β(l(g)) − β(l(b))]. If λ rises, β(l(g)) − β(l(b)) must fall to
keep equality, therefore l(g) − l(b) must fall. It turns out that the expected
posterior variance increases in l(g)− l(b). The fall in l(g)− l(b) comes from e∗L
rising to become closer to 1 = e∗H . Expected posterior variance is a measure of
the informativeness of an equilibrium, so in the interior e∗L equilibrium, learning
increases in the amount of noise.

With β concave over the range [l(b), l(g)], the L type expected utility is
higher in pooling than in the other three equilibria. This is because L pays no
signalling cost in the pooling equilibrium and expects the receivers’ belief to go
down if there is positive signalling. The concavity of β implies that randomness
in the posterior also lowers L’s expected utility. This utility comparison for
L across equilibria fails with β sufficiently convex over the range [l(b), l(g)], as
proved in the following example.

Example 1. If l0 = 0, λ = 1
2 and β(l) =

(
exp(l)

1+exp(l)

)n
, then for n ≥ 4, the

utility of L from pooling is lower than from max info. With these parameters,
l(g) = ln 3 and l(b) = ln 1

3 , so the pooling utility is 2−n and the max info utility

is 3
4

1
4n + 1

4
3n

4n .

The H type utility comparison of equilibria depends on the parameters,
because if there is any signalling, then H expects the receivers’ log likelihood
ratio to go up, but it has greater variance and H must pay a signalling cost.

Since the receivers are a competitive market, they get zero profit from any
equilibrium and do not affect welfare calculations. Welfare from max info de-
creases in cH , is independent of cL, increases in l0. For β̂(µ) = β(ln µ

1−µ ) concave

in µ over the range [l(b), l(g)], welfare from max info is always lower than from
pooling, due to the signalling cost and the variance of the posterior. If β(l) =

exp(l)
1+exp(l) , welfare increases in the signal precision λ iff exp(l0)

1+exp(l0) ≥
(1+λ)2

2(1+λ)2−2λ .

One may well wonder whether the results in this section are driven by the
linear cost. With a strictly convex cost, the interior e∗H and interior e∗L equilibria
disappear, because a signal distribution from a mixed action can be replicated
by a pure action at strictly lower cost. Section 2 solves a game with type θ

sender’s utility exp(l)
1+exp(l) −

cθ
2 e

2, with other elements the same as in this section.

There are at most two equilibria: pooling, and for some parameter values an
informative equilibrium with e∗H > e∗L. The efforts of both types in the infor-
mative equilibrium increase in λ, the precision of the signal. In addition, e∗H
increases in cL and decreases in cH . For l0 ≥ 0, e∗H and e∗L decrease in l0, so
the efforts in an informative equilibrium, as well as its existence, depend on the
prior.
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1.3 Repeated noiseless signalling

An overview of the game of Kaya (2009) is given in this section. The notation
is changed to match the present work.

Time is discrete, the horizon infinite. The sender’s action set is a closed real
interval. The receiver at time t observes the sender’s actions up to t and updates
the log likelihood ratio to lt. Type θ sender’s per-period utility is uθ(l, e), which
increases in l and is quasiconcave in e (see Kaya (2009) for details). The discount
factor is δ ∈ (0, 1).

The time t history is defined as the sender’s actions up to t. A pure strategy
of the sender is a map from types and histories to the action set. A log likelihood
ratio system is a map from histories to [−∞,∞]. A perfect Bayesian equilibrium
consists of a strategy and a log likelihood ratio system s.t. given the log likelihood
ratio system, the strategy maximizes the discounted future payoff of each type
after every history and the log likelihood ratios are derived from the strategy
using Bayes’ rule when possible. A separating equilibrium is an equilibrium in
which the first period actions of the types differ. In a separating equilibrium,
the log likelihood ratio is ∞ or −∞ after every on-path history. The focus of
Kaya (2009) is on separating pure strategy perfect Bayesian equilibria.

There is a continuum of separating equilibria. In these, the signalling cost
can be distributed arbitrarily over time, provided the total cost up to each time
t is high enough to deter L from imitating H up to t. Formally, the equilibrium
effort sequence (eτ )∞τ=1 of H must satisfy

t∑
τ=1

δτ−1[uL(∞, eτ )− uL(−∞, eL(−∞))] ≤ 0 ∀t ∈ R+.

The model also admits a continuum of pooling equilibria with positive sig-
nalling cost in all or some periods, provided the total cost up to each time t is
low enough to deter L from switching to minimal effort. Formally, the effort
sequence of both types (e′τ )∞τ=1 must satisfy

t∑
τ=1

δτ−1[uL(l0, e
′
τ )− uL(−∞, eL(−∞))] ≥ 0 ∀t ∈ R+.

The log likelihood ratio system assigns l0 to on-path histories and −∞ to off-
path histories.

As in Spence (1973), the existence and payoffs of a separating equilibrium
do not depend on the initial log likelihood ratio and pooling equilibria with
positive effort exist for all parameter values.

1.3.1 Switched effort equilibria

Equilibria similar in spirit to the ones in the bad news Poisson model in which L
initially exerts more effort than H can be constructed in the noiseless repeated

signalling environment. Let the per-period payoff be exp(l)
1+exp(l) − cθe for type θ.
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Construct an equilibrium in which in the first period, L exerts e0 > 0 with
probability one, while H puts probability qH ∈ (0, 1) on e0 and 1 − qH on 0.
After e0 in the first period, both types exert zero forever. After 0 in the first
period, L exerts zero forever, but H exerts e1 > 0 forever. The log likelihood
ratio does not respond to deviations after e0. After 0 in the first period, as long
as e1 has occurred every period, l =∞. A deviation from e1 after 0 in the first
period is followed by l = −∞ and zero effort forever.

The constraints for H to choose e1 and L to choose 0 after 0 in the first
period are[

exp(∞)

1 + exp(∞)
− cHe1

]
1

1− δ
≥ exp(∞)

1 + exp(∞)
+

δ

1− δ
exp(−∞)

1 + exp(−∞)
,

exp(∞)

1 + exp(∞)
+

δ

1− δ
exp(−∞)

1 + exp(−∞)
≥
[

exp(∞)

1 + exp(∞)
− cLe1

]
1

1− δ
.

These reduce to δ − cHe1 ≥ 0 ≥ δ − cLe1. The constraint for L to exert e0 in
the first period is

exp(l0)

1 + exp(l0)
− cLe0 +

δ

1− δ
qH exp(l0)

1 + qH exp(l0)

≥ exp(l0)

1 + exp(l0)
+ δ

exp(∞)

1 + exp(∞)
+

δ2

1− δ
exp(−∞)

1 + exp(−∞)
,

which reduces to −cLe0 + δ
1−δ

qH exp(l0)
1+qH exp(l0) ≥ δ. For H to be indifferent in the

first period, it must be that

exp(l0)

1 + exp(l0)
− cHe0 +

δ

1− δ
qH exp(l0)

1 + qH exp(l0)

=
exp(l0)

1 + exp(l0)
+

δ

1− δ

[
exp(∞)

1 + exp(∞)
− cHe1

]
,

which can be rewritten as δ
1−δ

[
1− cHe1 − qH exp(l0)

1+qH exp(l0)

]
+ cHe0 = 0.

Take δ = 9
10 , cH = 1, cL = 2, l0 = 0. The above constraints hold for

e0 = 0.45, qH = 1
3 and e1 = 4

5 .
Probability one of L exerting more effort than H cannot occur in this model,

because then high effort would reveal L, yielding the minimal flow payoff there-
after. Then L would deviate to the lowest effort level expected from H.

The above example can be reinterpreted to have noise. Replace the mixing
of H in the first period by the pure effort qHe0. After effort qHe0, there is
probability qH of a high signal and 1− qH of a low signal. After effort e0, there
is probability 1 of a high signal. The signal structure is one of bad news.

In a two-period noiseless signalling model, it is also possible to have L exert
high effort in the first period and H mix between high and low effort. High
effort is followed by pooling and low effort by separation. In a noisy two-period
model with benefit linear in belief, there do not exist equilibria in which L exerts
higher effort than H in the first period, even if the signal structure is one of bad
news.
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2 One-shot noisy signalling with quadratic cost

Some of the features of the one-shot noisy signalling model are driven by the
linear cost of effort, which for some applications is unrealistic. Signalling may
feature increasing marginal cost for the usual reason: first the easiest ways
to signal are used, then if these are exhausted, more costly methods must be
employed. The most tractable convex cost is quadratic, which is assumed in
this section.

The sender’s action e ∈ [0, 1] generates a signal g or b, with probability of g
being

Pr(g|e) = λe+
1− λ

2
,

with λ ∈ (0, 1). Denote the pure action the receivers expect type θ to take by
e∗θ. Mixed actions add nothing, since the signal distribution from a mixed action
can be replicated at strictly lower cost by a pure action. The best response to
any beliefs by the receivers is pure.

The receivers observe the signal, but not the effort. They update their log
likelihood ratio using Bayes’ rule. Regardless of the action taken, both signals
have positive probability, so Bayes’ rule applies after both signals and there are
no off-path information sets. Denote by l(x) the updated log likelihood ratio
after signal x. Then

l(x) = l0 + ln
Pr(x|e∗H)

Pr(x|e∗L)
. (3)

Type θ sender’s utility from action e and receivers’ log likelihood ratio l is

uθ(l, e) =
exp(l)

1 + exp(l)
− cθ

2
e2,

with cL > cH . The sender’s benefit from the receivers’ belief is thus equal to
the belief. Given a best response by the receivers to the realized signal and the
sender’s equilibrium play, the sender’s expected utility from action e is

uθ = −cθ
2
e2 + λe

(
exp(l(g))

1 + exp(l(g))
− exp(l(b))

1 + exp(l(b))

)
(4)

+
(1− λ) exp(l(g))

2(1 + exp(l(g)))
+

(1 + λ) exp(l(b))

2(1 + exp(l(b)))
.

Definition 3. A perfect Bayesian equilibrium is (e∗H , e
∗
L, l(g), l(b)) such that

(a) given e∗L, e
∗
H , the log likelihood ratios l(g), l(b) are obtained from (3),

(b) given l(g), l(b), for θ = H,L, e∗θ maximizes (4) over e.

If e∗H ≤ e∗L, then both types of sender will choose eθ = 0, because there is
no benefit to signalling, but there is a cost. Therefore pooling at e∗L = e∗H = 0
is an equilibrium for all parameter values.
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If the efforts expected from the types satisfy e∗H > e∗L, then l(g) > l(b).
The marginal cost of signalling is zero at e = 0, while the marginal benefit is

λ
(

exp(l(g))
1+exp(l(g)) −

exp(l(b))
1+exp(l(b))

)
at all e. Due to this, both types will choose eθ > 0.

Given the strategy expected in equilibrium, the chosen action of type θ must
satisfy the first order condition (FOC)

cθeθ = λ

(
exp(l(g))

1 + exp(l(g))
− exp(l(b))

1 + exp(l(b))

)
.

The FOC is necessary and sufficient for a global maximum due to the linear
benefit and the quadratic cost. The FOC already allows the comparison of the
signalling efforts and expected utilities of the types, formalized in the following
proposition.

Proposition 2. The equilibrium signalling efforts of types H and L satisfy
e∗H = cL

cH
e∗L and the expected utilities uH , uL satisfy

uH −
(1− λ) exp(l(g))

2(1 + exp(l(g)))
− (1 + λ) exp(l(b))

2(1 + exp(l(b)))

=
cL
cH

[
uL −

(1− λ) exp(l(g))

2(1 + exp(l(g)))
− (1 + λ) exp(l(b))

2(1 + exp(l(b)))

]
.

Proof. From the FOCs,

e∗H =
1

cH
λ

(
exp(l(g))

1 + exp(l(g))
− exp(l(b))

1 + exp(l(b))

)
=
cL
cH

1

cL
λ

(
exp(l(g))

1 + exp(l(g))
− exp(l(b))

1 + exp(l(b))

)
=
cL
cH

e∗L.

Substituting this relation into the expected utilities, we get

uH = −cH
2

λ
(

exp(l(g))
1+exp(l(g)) −

exp(l(b))
1+exp(l(b))

)
cH

2

+ λ
λ
(

exp(l(g))
1+exp(l(g)) −

exp(l(b))
1+exp(l(b))

)
cH

(
exp(l(g))

1 + exp(l(g))
− exp(l(b))

1 + exp(l(b))

)
+

(1− λ) exp(l(g))

2(1 + exp(l(g)))
+

(1 + λ) exp(l(b))

2(1 + exp(l(b)))

=
λ
(

exp(l(g))
1+exp(l(g)) −

exp(l(b))
1+exp(l(b))

)
2cH

+
(1− λ) exp(l(g))

2(1 + exp(l(g)))
+

(1 + λ) exp(l(b))

2(1 + exp(l(b)))

and uL =
λ( exp(l(g))

1+exp(l(g))
− exp(l(b))

1+exp(l(b)) )
2cH

+ (1−λ) exp(l(g))
2(1+exp(l(g))) + (1+λ) exp(l(b))

2(1+exp(l(b))) , which gives the

desired relation between the utilities of the types.

11



Proposition 2 holds for both informative and pooling equilibria. Under pool-

ing, e∗H = e∗L = 0 and l(g) = l(b) = l0, so uH = uL = exp(l0)
1+exp(l0) . Under

separation, it is clear that uH ≥ uL.
To find the equilibrium actions, equate the chosen action to the one expected

by setting eθ = e∗θ in the FOCs. One solution is e∗H = e∗L = 0. There are
two other solutions. The one for which there exist parameter values such that
e∗H , e

∗
L ∈ (0, 1) is

e∗H =
cLcHλ−

√
cLcH

√
cLcH − 4(cL − cH) exp(l0)

(1+exp(l0))2λ
2

2cH [cH
1

1+exp(l0) + cL
exp(l0)

1+exp(l0) ]λ
, (5)

e∗L =
cLcHλ−

√
cLcH

√
cLcH − 4(cL − cH) exp(l0)

(1+exp(l0))2λ
2

2cL[cH
1

1+exp(l0) + cL
exp(l0)

1+exp(l0) ]λ
.

Sufficient conditions for the existence of an informative equilibrium with interior
e∗L, e

∗
H are presented in the following proposition.

Proposition 3. An informative equilibrium with e∗H , e
∗
L ∈ (0, 1) exists if

4cL exp(l0)λ2

cL(1 + exp(l0))2 + 4λ2 exp(l0)
≤ cH <

cLλ
2 exp(l0)

cL
1−λ2

4 (1 + exp(l0))2 + λ2 exp(l0)
.

Proof. If e∗H , e
∗
L satisfy (5) and 1 ≥ e∗H > e∗L ≥ 0, then they are equilibrium

strategies, because given the strategies the market expects, both types are op-
timizing and the chosen strategies equal the market’s expectation.

In (5), the term under the square root is nonnegative iff

cH

(
cL + 4

exp(l0)

(1 + exp(l0))2
λ2

)
≥ 4cL

exp(l0)

(1 + exp(l0))2
λ2,

which holds iff cH ≥
4cL

exp(l0)

(1+exp(l0))2
λ2

cL+4
exp(l0)

(1+exp(l0))2
λ2

. The fraction is always less than one and

positive, because λ ∈ (0, 1) and for any l ∈ R, exp(l)
(1+exp(l))2 ∈ (0, 1

4 ).

Using Mathematica to simplify (5), it turns out that e∗H < 1 always holds.
Since e∗H = cL

cH
e∗L, the inequality e∗L < e∗H is implied by e∗L > 0. Again using

Mathematica to simplify (5), it is found that e∗L > 0 iff

4cL exp(l0)λ2

cL(1 + exp(l0))2 + 4λ2 exp(l0)
≤ cH <

cLλ
2 exp(l0)

cL
1−λ2

4 (1 + exp(l0))2 + λ2 exp(l0)
.

The comparative statics results are given in Proposition 4 below. The deriva-
tives of e∗L with respect to cL or cH do not have clear signs.
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Proposition 4. If the condition in Proposition 3 is satisfied, then the efforts
of both types in an informative equilibrium increase in λ, the precision of the
signal. e∗H increases in cL and decreases in cH . For l0 ≥ 0, e∗H and e∗L decrease
in l0.

Proof.
∂e∗H
∂λ =

cHc
2
L

2[cH
1

1+exp(l0)
+cL

exp(l0)

1+exp(l0)
]λ2

√
cHcL[cHcL−4(cL−cH)

exp(l0)

(1+exp(l0))2
λ2]

> 0.

Based on Proposition 2,
∂e∗L
∂λ = cH

cL

∂e∗H
∂λ , which is also positive.

Rewriting the e∗H expression as

e∗H =
cHλ−

√
c2H − 4cH(1− cH

cL
) exp(l0)

(1+exp(l0))2λ
2

2cH [ cH
cL(1+exp(l0)) + exp(l0)

1+exp(l0) ]λ
,

it is clear that the denominator is decreasing in cL. In the numerator, (1− cH
cL

)
is increasing in cL, so the square root is decreasing in cL. The numerator is
increasing in cL and the denominator decreasing, so e∗H is increasing in cL.

Rewriting the e∗H expression as

e∗H =
cLλ−

√
c2L − 4cL( cLcH − 1) exp(l0)

(1+exp(l0))2λ
2

2[cH
1

1+exp(l0) + cL
exp(l0)

1+exp(l0) ]λ
,

the denominator is increasing in cH . In the numerator, the square root is
increasing in cH , so the numerator and therefore e∗H are decreasing in cH .

Increasing l0 increases the denominator of the e∗H , e
∗
L expressions, since cL >

cH . Increasing |l0| decreases the numerator, since the numerator is increasing

in exp(l0)
(1+exp(l0))2 and exp(l0)

(1+exp(l0))2 is globally strictly concave with the maximum at

l0 = 0. So for l0 ≥ 0, it is clear that e∗H and e∗L are decreasing in l0.

The expected utility of L is higher in the pooling equilibrium than in the
informative one, because in an informative equilibrium L pays an effort cost and
expects l to go down. The expected utility of H may be higher in pooling or
the informative equilibrium, but the expressions defining the region where H’s
pooling payoff is higher are too long to present here.

Changing the game to incorporate a type-dependent drift d in the signal, so
that H is more likely to generate signal g, eliminates the pooling equilibrium.
If pooling is expected, then seeing g, the receivers update the probability of the
H type to l(g) = l0 + ln 1−λ+2d

1−λ > l0 and seeing b, they update to l(b) < l0. To
ensure the probabilities are in [0, 1] after any action expected from the sender,
it must be that d ≤ 1−λ

2 . The marginal cost of signalling is zero at e = 0. The

marginal benefit is λ
(

exp(l(g))
1+exp(l(g)) −

exp(l(b))
1+exp(l(b))

)
, which is positive for any d > 0.

Due to this, both types will choose eθ > 0 even when pooling is expected. There
exist parameter values such that pooling on e∗L = e∗H = 1 occurs.
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There may be more than one informative equilibrium when the cost is convex,
just as in the linear cost case. If the utility function is

uθ(l, e) =

√
exp(l)

1 + exp(l)
− cθ

2
e2,

i.e. the benefit from belief is the square root of the belief, then for parameters
cH = 5

51 , cL = 10
51 , l0 = − ln 3 and λ = 1

2 , there exist two equilibria with both
types’ efforts interior. These equilibria exist with or without a small enough
type-dependent drift.

3 Additional results and extensions for the Pois-
son game

3.1 The signal process and pure public strategies

The signal is binary, with values in {0, 1}. The signal 1 occurs at a Poisson rate,
and in its absence the signal is 0. In the good news (breakthrough) case, the
rate of signal 1 is etλ at time t, where et denotes the effort at t. In the bad news
(breakdown) case, the rate of 1 is (1− et)λ, which decreases in effort. Note that
zero effort in the good news case or maximal effort e = 1 in the bad news case
ensures no signals occur. A realization of the signal process is described by the
times at which 1 occurs. Since the signal is public, the log likelihood ratio l it
leads to is common to all receivers.

A signal sequence is a sequence (τk)∞k=1 of signal times satisfying 0 = τ0 <
τ1 < τ2 < · · · and having no accumulation points. The set of signal sequences
H∞ is endowed with the σ-algebra generated by cylinders. An n-signal public
history is a finite sequence (τ1, . . . , τn, t) satisfying τ1 < · · · < τn < t, with
t ∈ (0,∞). The set of n-signal histories is Hn. It inherits the σ-algebra from
H∞. The set of nonterminal public histories isH = ∪n∈N∪{0}Hn. H inherits a σ-
algebra from {Hn} and is a Borel space (Yushkevich, 1980). The terminal public
histories are the signal sequences. The truncation of a history h = (τ1, . . . , τn, t)
to time s ≤ t is hs = (τ1, . . . , τm, s), with τm < s. The notation τk ∈ h means
that under history h, a signal occurs at time τk.

A pure public strategy is a pair of measurable maps e = (eH , eL) from H
into the action set [0, 1]. Throughout this work, only pure public strategies are
considered. Denote the strategy the market expects by e∗ = (e∗H , e

∗
L). This

notation is also used for equilibrium strategies.
Some sets of histories that are used in defining the updating rule for the log

likelihood ratio are defined next. These consist of histories in which a signal
occurs at a time at which the strategy expected from the sender is such that
the signal is perfectly informative about the type. In the good news case,

Hgmax(e∗) = {h ∈ H : ∃τk ∈ h, e∗H(hτk) > 0, e∗L(hτk) = 0} ,
Hgmin(e∗) = {h ∈ H : ∃τk ∈ h, e∗H(hτk) = 0, e∗L(hτk) > 0} ,
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and in the bad news case,

Hbmax(e∗) = {h ∈ H : ∃τk ∈ h, e∗H(hτk) < 1, e∗L(hτk) = 1} ,
Hbmin(e∗) = {h ∈ H : ∃τk ∈ h, e∗H(hτk) = 1, e∗L(hτk) < 1} .

Define Hxmm(e∗) = Hxmax(e∗) ∪ Hxmin(e∗) for x ∈ {g, b}. The updating of
the market’s log likelihood ratio is described next, starting with the response to
signal 1. If the strategy the market expects is e∗, signal 1 occurs at time t, and
at t the log likelihood ratio is lt, then in the good news case the log likelihood
ratio jumps to

jg(lt) =

{
lt + ln

(
e∗H(ht)
e∗L(ht)

)
(with 0

0 = 1) if ht /∈ Hgmm(e∗),

lt if ht ∈ Hgmm(e∗).

In the bad news case the log likelihood ratio jumps to

jb(lt) =

{
lt + ln

(
1−e∗H(ht)
1−e∗L(ht)

)
(with 0

0 = 1) if ht /∈ Hbmm(e∗),

lt if ht ∈ Hbmm(e∗).

The log likelihood ratio process is defined the same way as in the main text.

Definition 4. Under good news, the log likelihood ratio at t is

lt = l0 − λ
∫ t

0

e∗H(hs)− e∗L(hs)ds+

n∑
k=1

[jg(lτk)− lτk ], (6)

and under bad news, it is

lt = l0 + λ

∫ t

0

e∗H(hs)− e∗L(hs)ds+

n∑
k=1

[jb(lτk)− lτk ], (7)

where (e∗H , e
∗
L) is the strategy the market expects and h = (τ1, . . . , τn, t) is the

history up to t.

Given a signal sequence, the solution to (6) is the log likelihood ratio process
(lt)t≥0 under good news, and the solution to (7) is the process under bad news.

The integrals in (6) and (7) are uniquely defined, because eL, eH are bounded
and measurable in the σ-algebra of histories, which contains singletons. Fixing a
signal sequence, a history is determined by its length t, so eL, eH are measurable
functions from time to actions.

3.2 Results and proofs omitted from the main text

In this section, the focus is on Markov stationary strategies, which are defined
in the main text.

Lemma 5. In the bad news model, in equilibrium the following cannot occur
for any l0 ∈ R and l ∈ L(e∗):
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(a) e∗L(l) > e∗H(l) and pooling at jb(l),

(b) 0 < e∗L(l) < e∗H(l) = 1.

Proof. If VH(j(l)) = VL(j(l)) = k, where k is some constant, then due to
VH ≥ VL, the jump in value k − Vθ(l) after a signal is higher for L. The cost
of avoiding jumps is strictly larger for L, because cL > cH . It cannot be that L
prefers to avoid jumps and H prefers to allow them. If pooling occurs after the

jump, then VH(j(l)) = VL(j(l)) = β(l)
r .

If 0 < e∗L(l) < e∗H(l) = 1, then j(l) = −∞. It is enough to show VL is strictly
increasing in a neighbourhood of l, because then indifference to the jump at l
(required for 0 < e∗L(l) < 1) implies the absence of indifference at any l̂ 6= l in
the region. Efforts are continuous from the left or right, which rules out the
situation where 0 < e∗L(l) < 1 and ∃l1, l2, l1 < l < l2 s.t. ∀l̂ ∈ (l1, l) ∪ (l, l2),

e∗L(l̂) ∈ {0, 1}.
The rest of the proof shows VL is strictly increasing when 0 < e∗L(l) <

e∗H(l) = 1. Since e∗L < 1, VL is unchanged by switching eL to 0 throughout the
region (l, l) in which 0 < e∗L(l) < e∗H(l) = 1. Then the flow rate of jumps and the
flow cost are constant in the region, while the flow benefit is strictly increasing.
The only influence that might make VL decreasing is the continuation value at
l. If l =∞, then VL is strictly increasing in the 0 < e∗L < e∗H = 1 region. With
l finite and pooling at l, VL(l) > VL(l) ∀l ∈ (l, l), because at l the probability of
jumping to l = −∞ is zero, the flow benefit is strictly higher and the flow cost
is the same as at l. Again, VL is strictly increasing on (l, l). If at l, a region
where e∗L(l) > e∗H(l) starts, then l cannot drift into that region, because l drifts
down in that region. Therefore l must stay at the boundary l.

As shown previously, it cannot be that e∗L(l) = 1 at some l in equilibrium.
If e∗L(l) < 1, then eL(l) can be switched to 0 without changing VL. The flow
benefit at l after the switch to eL(l) = 0 is higher than in (l, l), while the flow
cost and jump rate are the same and the jumps go to a value higher than βmin

r .

So VL(l) > VL(l) ∀l ∈ (l, l). A higher l ∈ (l, l) means a shorter time until
reaching VL(l), so again VL is strictly increasing in (l, l).

If at l, a region where e∗L = 0, e∗H > 0 starts, then the union of that region
and (l, l) can be taken and the preceding reasoning can be applied at the upper
boundary of the union.

Lemma 6. In the bad news model, if βmax−βmin

r > cH
λ , then ∃l0 ∈ R ∃l > l0 for

which there exist equilibria such that ∀l ∈ [l0, l), e
∗
H(l) ∈ (0, 1) and e∗L(l) = 0.

Proof. Take l0 ∈ R such that β(l0)−βmin

r > cH
λ . An equilibrium in which e∗H(l) ∈

(0, 1) and e∗L(l) = 0 on [l0, l) will be constructed. Assume l − l0 = ε > 0, with
ε small. The probability of reaching l from [l0, l) is close to 1, so the payoffs of

the types on [l0, l) are close to β(l)
r > β(l0)

r .
If the market expects e∗H(l) = 1, e∗L(l) = 0 (which implies that l jumps to

j(l) = −∞ when a signal occurs at l ∈ [l0, l)), then H has the unique best
response e = 1 at l. If the market expects e∗H(l) = e∗L(l) = 0 (which implies that
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j(l) = l when a signal occurs at l ∈ [l0, l)), then H has the unique best response
e = 0 at l. By the continuity of β(·) and j(·), there exists ê ∈ (0, 1) s.t. when
the market expects e∗H(l) = ê, e∗L(l) = 0, then H is indifferent between e = 1
and e = 0 at l, and is thus willing to choose ê. The same reasoning holds for all
points in [l0, l), with slightly different ê.

If H is indifferent between e = 1 and e = 0, then L strictly prefers e = 0.

The value functions for the bad news model when l =∞ are calculated next.
If l =∞, then both types get benefit β(l) forever (l changes over time, and with
it β(l)). In addition, L has a flow rate λ of jumps to payoff βmin

r and H pays a
flow cost cH forever. The candidate value functions are

VH(l) =

∫ ∞
l

β(z)− cH
λ

exp

(
−r z − l

λ

)
dz, (8)

VL(l) =

∫ ∞
l

[
β(z)

λ
+
βmin

r

]
exp

(
−(r + λ)

z − l
λ

)
dz.

For every ε > 0 there exists l̂ ∈ R s.t. βmax−β(l̂) < ε, which implies |βmax−cH
r −

VH(l̂)| < ε
r and | β(l̂)

r+λ + λβmin

r(r+λ) − VL(l̂)| < ε
r .

The verification theorem of Yushkevich (1988) applies to the candidate value
functions. These are the value functions if the incentive constraints defined in
the main text hold.

Proposition 7. Fix l, l0, l1 with −∞ < l < l0 < l1. If the following hold

(a) liml→l1+ VH(l)− βmin

r ≥ cH
λ ,

(b) liml→∞ VL(l)− βmin

r ≤ cL
λ ,

(c) β(l)
r − liml→l1+ VH(l) < cH

λ ,

(d) β(l)
r − liml→l1+ VL(l) > cL

λ ,

(e) β(l)
r − liml→∞ VL(l) < cL

λ ,

where VH , VL are given in terms of primitives in (8), then there exists an equi-
librium in which

• e∗L(l) > e∗H(l) if l ∈ (l, l0],

• e∗L(l) = 0, e∗H(l) = 1 if l ∈ [l1,∞),

• e∗L(l) = e∗H(l) = 0 if l /∈ (l, l0] ∪ [l1,∞).

Proof. The candidate value functions of the types are continuous and strictly
increasing on [l1,∞) based on (8).

For H to optimally choose e = 1 in [l1,∞), it is necessary and sufficient
that VH(l) − βmin

r ≥ cH
λ for all l ∈ [l1,∞). Since VH is strictly increasing, the
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inequality holds for all l ∈ [l1,∞) iff liml→l1+ VH(l)− βmin

r ≥ cH
λ . A lower bound

on liml→l1+ VH(l) is
β(l1)−cH

r .
For L to optimally choose e = 0 in [l1,∞), it is necessary and sufficient

that VL(l) − βmin

r ≤ cL
λ for all l ∈ [l1,∞). Since VL is strictly increasing, the

inequality holds for all l ∈ [l1,∞) iff liml→∞ VL(l) − βmin

r ≤ cL
λ . The limit is

liml→∞ VL(l) = βmax

r+λ + λβmin

r(r+λ) .

In (l, l0] in the absence of a signal l drifts down and eventually reaches l with

positive probability. For any l, l̂ ∈ [l, l0] s.t. l̂ < l, the probability of reaching l̂

from l approaches 1 as l − l̂ → 0, therefore for any ε1 > 0 there exists ε2 > 0

s.t. l0 − l < ε2 implies |Vθ(l)− β(l)
r | < ε1 for all l ∈ (l, l0] and θ = 1, 2.

For all l ∈ (l, l0], take e∗H(l) = 0 and e∗L(l) ∈ (0, 1) such that j(l) = l +

ln
1−e∗H(l)
1−e∗L(l) ∈ [l1,∞).

For H to optimally choose e = 0 at l ∈ (l, l0], it is sufficient that VH(l) −
VH(j(l)) < cH

λ . Sufficient for this is VH(l) − liml′→l1+ VH(l′) < cH
λ . Choose ε2

s.t. |β(l)
r −VH(l)| ≤ ε1 ≤ cH

λ −VH(l)+liml′→l1+ VH(l′). Then sufficient conditions

for H to choose e = 0 are l0 − l < ε2 and β(l)
r − liml′→l1+ VH(l′) < cH

λ .
For L to optimally choose eL ∈ (0, 1) at l ∈ (l, l0], it is necessary and

sufficient that VL(l)−VL(j(l)) = cL
λ . By continuity of VL on [l1,∞), sufficient for

this are VL(l)− liml′→l1+ VL(l′) > cL
λ and VL(l)− liml′→∞ VL(l′) < cL

λ . Then by
reasoning similar to the H case in the previous paragraph, it is sufficient for eL ∈
(0, 1) that l0 − l < ε2, β(l)

r − liml′→l1+ VL(l′) > cL
λ and β(l)

r − liml′→∞ VL(l′) <
cL
λ .

Corollary 8. If the following hold

(a)
β(l1)−βmin

r+λ ≥ cH
λ ,

(b) βmax−βmin

r+λ ≤ cL
λ ,

(c) β(l1)− β(l) > cH(λ−r)
λ ,

(d) β(l)
r −

∫∞
l1

[
β(z)
λ + βmin

r

]
exp

(
−(r + λ)

z−l1
λ

)
dz > cL

λ ,

(e) β(l)
r −

βmax

r+λ −
λβmin

r(r+λ) <
cL
λ ,

then there exists an equilibrium in which

• e∗L(l) > e∗H(l) if l ∈ (l, l),

• e∗L(l) = 0, e∗H(l) = 1 if l ∈ (l1,∞),

• e∗L(l) = e∗H(l) = 0 if l /∈ (l, l) ∪ (l1,∞),

where −∞ < l < l ≤ l1.

Proof. It is sufficient to show that conditions (a)–(e) in this Corollary imply the
conditions (a)–(e) in Proposition 7.
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(a) A lower bound of VH(l) in (l1,∞) is β(l)−cH
r , so a sufficient condition for (a)

of Proposition 7 is
β(l1)−cH

r − βmin

r ≥ cH
λ . Rearranging yields

β(l1)−βmin

r+λ ≥
cH
λ .

(b) Since liml→∞ VH(l) = βmax

r+λ + λβmin

r(r+λ) , substituting this into (b) of Proposi-

tion 7 and rearranging yields βmax−βmin

r+λ ≤ cL
λ .

(c) A lower bound of VH(l) in (l1,∞) is β(l)−cH
r , so a sufficient condition for (c)

of Proposition 7 is β(l)
r −

β(l1)−cH
r < cH

λ . Rearranging gives β(l1) − β(l) >
cH(λ−r)

λ .

(d) The formula for liml′→l1+ VL(l′) from (8) has been substituted into the
inequality.

(e) Since liml→∞ VH(l) = βmax

r+λ + λβmin

r(r+λ) , substituting changes (e) of Proposi-

tion 7 into β(l)
r −

βmax

r+λ −
λβmin

r(r+λ) <
cL
λ .

Lemma 9. In the good news case, ∀l0 ∈ R, e∗L(l), e∗H(l) ∈ (0, 1) ∀l ∈ (l, l0]
cannot occur together with either

(a) l > −∞ and e∗L(l) = e∗H(l) = 0 or

(b) e∗L(j(l)) = e∗H(j(l)) = 0 for some l ∈ (l, l0].

Proof. As shown in the main text, neither e∗L(l) = e∗H(l) > 0 nor e∗L(l) > e∗H(l)
can occur in equilibrium, so e∗L(l), e∗H(l) ∈ (0, 1) implies e∗L(l) < e∗H(l) and
j(l) > l. Also shown in the main text is VH(j(l)) ≥ VL(j(l)).

(a) For every ε > 0, there exists ε2 > 0 s.t. |l − l| < ε2 implies that the
probability of reaching l from l is 1− ε. For every ε3 > 0, there exists ε > 0 s.t.
if the probability of reaching l from l is 1 − ε, then |Vθ(l) − Vθ(l)| < ε3. Due

to pooling at l, VH(l) = VL(l) = β(l)
r . Combining this with VH(j(l)) ≥ VL(j(l))

and cH < cL, it is clear that VH(j(l))−VH(l) = cH
λ implies VL(j(l))−VL(l) < cL

λ .
Both types cannot simultaneously be indifferent to signalling at any l close to l.

(b) If e∗L(j(l)) = e∗H(j(l)) = 0 and e∗L(l), e∗H(l) ∈ (0, 1), then the indifference

condition at l is β(j(l))
r − Vθ(l) = cθ

λ for θ = H,L. Both types are indifferent
between their equilibrium effort and zero effort, so payoffs are unchanged by
switching the chosen effort to zero, keeping expectations constant. The payoff
functions Vθ thus obtained are

Vθ(l) = exp

(
−
∫ l

l

rdz

λ(e∗H(z)− e∗L(z))

)
Vθ(l) (9)

+

∫ l

l

β(x)

λ(e∗H(x)− e∗L(x))
exp

(
−
∫ l

x

rdz

λ(e∗H(z)− e∗L(z))

)
dx
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if l > −∞, and

Vθ(l) =

∫ l

−∞

β(x)

λ(e∗H(x)− e∗L(x))
exp

(
−
∫ l

x

rdz

λ(e∗H(z)− e∗L(z))

)
dx. (10)

if l = −∞. The expressions (9) and (10) satisfy the ODE rVθ(l) = β(l) −
λ(e∗H(l)−e∗L(l))V ′θ (l), which is derived from the Hamilton-Jacobi-Bellman (HJB)

equation using the indifference condition λ[β(j(l))
r − Vθ(l)]− cθ = 0.

Take l1, l2 ∈ (l, l0] with l1 < l2 and e∗θ(j(l1)) = e∗θ(j(l2)) = 0 for θ =
H,L. Due to piecewise continuity of the strategies, if there is one point in
(l, l0] satisfying e∗θ(j(l)) = 0 for θ = H,L, then there is an interval of such
points. Since l drifts down in the absence of signals and l1 is reachable from l2,
Vθ(l1) is a continuation value from the perspective of l2. Based on (9) and (10),
Vθ(l2) = αVθ(l1) + k, with α ∈ (0, 1) and k ∈ R. Specifically, for both types,

α = exp

(
−
∫ l2

l1

rdz

λ(e∗H(z)− e∗L(z))

)
,

k =

∫ l2

l1

β(x)

λ(e∗H(x)− e∗L(x))
exp

(
−
∫ l2

x

rdz

λ(e∗H(z)− e∗L(z))

)
dx.

Now it can be shown that the indifference conditions for both types for l1, l2
contradict each other: subtracting λ[β(j(l1))

r −VL(l1)]− cL = 0 from λ[β(j(l1))
r −

VH(l1)]−cH = 0, we get λ[−VH(l1)+VL(l1)] = cH−cL. Subtracting λ[β(j(l1))
r −

αVL(l1)−k]−cL = 0 from λ[β(j(l1))
r −αVH(l1)−k]−cH = 0, we get λα[−VH(l1)+

VL(l1)] = cH − cL. This contradicts α ∈ (0, 1), λ > 0, cL > cH > 0. The
contradiction proves (b).

Lemma 10. In the good news model, if βmax−βmin

r > cL
λ , then ∃l0 ∈ R ∃l < l0

for which there exist equilibria such that e∗H(l) = 1 and e∗L(l) ∈ (0, 1) ∀l ∈ (l, l0].

Proof. Take l0 ∈ R such that βmax−β(l0)
r > cL

λ . An equilibrium in which e∗H(l) =
1 and e∗L(l) ∈ (0, 1) on (l, l0] will be constructed. Assume l0 − l = ε > 0, with
ε small. The probability of reaching l from (l, l0] is close to 1, so the payoffs of

the types on (l, l0] are close to β(l)
r < β(l0)

r .
If the market expects e∗H(l) = 1, e∗L(l) = 0 (which implies that l jumps to

j(l) =∞ when a signal occurs at l ∈ (l, l0]), then L has the unique best response
e(l) = 1. If the market expects e∗H(l) = e∗L(l) = 1 (which implies that j(l) = l
when a signal occurs at l ∈ (l, l0]), then L has the unique best response e(l) = 0.
By the continuity of β(·) and j(·), there exists ê ∈ (0, 1) s.t. when the market
expects e∗L(l) = ê, e∗H(l) = 1, then L is indifferent between e(l) = 1 and e(l) = 0.
The same reasoning holds for all points in [l0, l), with slightly different ê.

If L is indifferent between e = 1 and e = 0, then H strictly prefers e = 1.

Lemma 11. In the good news model, ∃l̂ ∈ R s.t. ∀l0 ≥ l̂ and ∀e∗ that the
receivers expect, the unique best response for both types is e(l0) = 0.
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Proof. The idea of the proof is to show that for l̂ large enough, Vθ(l̂) is close
enough to its upper bound βmax

r . Then the benefit of effort cannot be large
enough to warrant the cost. This makes zero effort the unique best response.

It will be shown that there is an l̂ ∈ R s.t. for θ = H,L, ∀l > l̂ ∀ e ∈
(0, 1] ∀∆ > 0, |Vθ(l)− βmax

r |(1− exp(−λe∆)) < cθe∆. The 1− exp(−λe∆) term
is the probability that a jump occurs if effort e is exerted for time ∆. Since
1 − exp(−λe∆) increases slower in e∆ than cθe∆, it is sufficient to show the
inequality holds with e∆ close to zero.

For any ε > 0, due to discounting ∃T > 0 s.t. the flow payoff after time T
contributes less than ε to total payoff. For any ε > 0 and T > 0 ∃l̂θ ∈ R s.t.
starting at l̂θ, after drifting down at the maximal rate λ for length of time T ,

the log likelihood ratio l reached satisfies |β(l)−βmax

r | < ε. The value Vθ(l̂θ) is
bounded below by the payoff from choosing e = 0 forever, which makes the rate
of jumps zero. The payoff from exerting e = 0 forever starting at l̂θ is bounded

below by β(l)
r − ε, where l is reached from l̂θ after length of time T . Therefore

|Vθ(l̂θ)− βmax

r | < 2ε. Taking l̂θ such that 2ε = lime∆→0
cθe∆

1−exp(−λe∆) = cθ
λ proves

the result for l̂θ and type θ. To include both types, take maxθ∈{H,L} l̂θ.

The bound on Vθ holds for all l > l̂, so the result holds for all such l.

Next, the signalling regions with l = −∞ are discussed in the good news
model. Type L has no chance of a jump and gets the discounted flow benefit
forever, so L’s candidate value is

VL(l) =

∫ l

−∞

β(z)

λ
exp

(
−r l − z

λ

)
dz.

Since β is bounded, for any ε > 0 there exists l̂ ∈ R s.t. β(l̂)− βmin < ε, which

implies VL(l̂)− βmin

r < ε
r . Therefore liml→−∞ VL(l) = βmin

r . The term β(l) does
not appear in the VL(l) expression, because it takes an infinite time to reach
l = −∞ and the discounting then makes the (finite) β(l) vanish.

Type H has a constant rate λ of jumps to l = ∞ and pays a flow cost cH
forever, in addition to getting the flow benefit. The candidate value of H is

VH(l) =

∫ l

−∞

[
β(z)− cH

λ
+
βmax

r

]
exp

(
−(r + λ)

l − z
λ

)
dz.

The limiting value is liml→−∞ VH(l) = βmin−cH
r+λ + λβmax

r(r+λ) . The RHS is greater

than βmin

r iff βmax−βmin

r ≥ cH
λ .
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4 Signalling with Brownian noise

4.1 Linear cost

In the Brownian signalling model, the sender’s effort process (et)t≥0 controls
the drift of a signal process (Xt)t≥0 given by

dXt = etdt+ σdBt,

where X0 ∈ R is a given parameter, (Bt) is standard Brownian motion and
σ > 0. The receivers at time t observe (Xτ )τ∈[0,t], but not the sender’s type
or present or past actions. Based on the signal, the receivers update their log
likelihood ratio.

The flow utility of a sender of type θ from action e ∈ [0, 1] and the receivers’
log likelihood ratio l is still β(l)− cθe. Assume β is bounded, Lipschitz, strictly
increasing and twice continuously differentiable on R.

As in the Poisson models in the main text, the action set could alternatively
be {0, 1}, with mixing corresponding to e ∈ (0, 1). However, to provide an easy
comparison to the quadratic cost case in Section 4.2 and for technical simplicity,
the action set [0, 1] is assumed and mixing is not allowed.

A Markov stationary strategy of the sender is a pair of measurable functions
(eL, eH) : R→ [0, 1]2. The state variable is the receivers’ log likelihood ratio l.
Henceforth, strategy is understood to mean a Markov stationary strategy.

Given the initial log likelihood ratio l0 ∈ R and the strategy (e∗L, e
∗
H) ex-

pected from the sender, the receivers update the log likelihood ratio by1

dlt = σ−2(e∗H(lt)− e∗L(lt))[dXt −
1

2
e∗H(lt)dt−

1

2
e∗L(lt)dt]. (11)

Similarly to the Poisson case in Section 3, the strategy and log likelihood ratio
process can be defined by first introducing the signal histories, then strategies
as functions of histories and finally the log likelihood ratio process depending
on the history and the expected strategy.

The initial log likelihood ratio l0 is a parameter, so a strategy is a function
of l0 in addition to l. The reachable set of log likelihood ratios is

L(e∗) =
{
l ∈ R : ∃s ∈ R+ ∃ a path of (lt) s.t. ls = l

}
,

where lt is defined in (11). Only behaviour on the reachable set is discussed
subsequently. Behaviour outside L(e∗) can be arbitrary, because no deviation
can take l there.

Definition 5. A Markov stationary equilibrium consists of a strategy (e∗H , e
∗
L)

and a log likelihood ratio process (lt)t≥0 s.t.

1The updating rule for the log likelihood ratio is derived from the continuous time Bayes’
rule for probability (Liptser and Shiryaev (1977) Theorem 9.1) using Itō’s formula.
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1. given (lt)t≥0, e∗θ solves

max
eθ(·)

Eeθ
[∫ ∞

0

exp(−rt) [β(lt)− cθeθ(lt)] dt|lt=0 = l0

]
,

where the expectation is over the process (lt)t≥0,

2. given (e∗H , e
∗
L) and l0, the process (lt)t≥0 is derived from Bayes’ rule (11).

Given e∗, the pooling region is P(e∗) = {l ∈ L(e∗) : e∗H(l) = e∗L(l)}. The
complement of the pooling region in L(e∗) is called the signalling region. The
pooling equilibrium where e∗H = e∗L ≡ 0 always exists, because if e∗H = e∗L, then l
does not respond to signals, so both types optimally choose zero effort to avoid
the signalling cost. A nonpooling equilibrium exists if the sender is patient
enough. The proof is postponed to Proposition 16.

Some observations about the value functions Vθ are formalized in the follow-
ing lemma.

Lemma 12. VH(l) ≥ VL(l) ∀l0 ∈ R ∀e∗ ∀l ∈ L(e∗), with strict inequality if
under the optimal (eL, eH) starting at l, there is a positive probability of reaching

some l̂ with eL(l̂) > 0. βmin

r ≤ Vθ(l) ≤ βmax

r , with strict inequalities if l ∈ R. Vθ
is strictly increasing.

Proof. Due to the boundedness of β(l) and eθ, discounting ensures that Vθ is
finite—even without the expectation, the integral in the definition of Vθ is finite
for any path of l and any control eθ.

It is clear that VH ≥ VL in the signalling region, because H can follow L’s
strategy at a lower cost than L. Outside the signalling region, VH(l) = VL(l) =
β(l)
r .

If there is positive probability of reaching some l̂ with L’s optimal choice
eL(l̂) > 0, then H can follow L’s strategy at a strictly lower cost.

To prove Vθ is strictly increasing, a standard coupling argument is used.
Consider two diffusion processes: the l process with optimal effort chosen start-
ing from l1 and the l process under zero effort chosen starting from l2 > l1. The
receivers expect the optimal strategy in both cases. Call the former process le

∗

and the latter l0. Define the stopping time τ∗ = inf
{
t > 0 : l0t − le

∗

t = 0
}

.
Starting at l2, the strategy s =“play 0 until τ∗ and the optimal strategy

thereafter” yields a weakly lower payoff than Vθ(l2), the payoff to the optimal
stationary strategy starting from l2. This holds even though s is not stationary,
because if the receivers expect a stationary strategy, then among the optimal
strategies for the sender there is a stationary one. The argument is standard—
the competitive receivers always play a static best response, which depends on
their belief about the type, but not the sender’s strategy, so if at some l, a
sender action ê is optimal at one point in time, then ê is optimal at that l at
any other point in time.

Starting at l2, the strategy s yields a strictly higher payoff than Vθ(l1), the
payoff to the optimal strategy starting from l1. This is because the benefit from
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l0 is strictly higher than from le
∗

before τ∗ and the same in expectation after
τ∗. The cost of l0 is zero before τ∗, while the cost of le

∗
is positive. After τ∗, the

costs of the two strategies are the same in expectation. Overall, Vθ(l2) > Vθ(l1)
for l1, l2 in the signalling region.

If both l1, l2 are outside the signalling region, then since β was assumed

strictly increasing, the payoffs are ordered Vθ(l2) = β(l2)
r > β(l1)

r = Vθ(l1). If
l2 is above the signalling region while l1 is in the signalling region, then the
expected benefit is strictly higher from l2 onwards and the expected cost is the
lowest possible from l2 onwards, so Vθ(l2) > Vθ(l1). If l2 is in the signalling
region while l1 is below the signalling region, then Vθ(l2) is higher than the
payoff to the strategy of taking zero effort forever starting from l2. The cost of
this strategy is the same as the cost of the optimal strategy from l1 onwards,
while the benefit is strictly greater, so again Vθ(l2) > Vθ(l1).

The results in Lemma 12 hold more generally. For VH(l) ≥ VL(l) it is suffi-
cient that effort costs less for H. The value functions are bounded independently
of the signals and costs. The strict monotonicity of Vθ does not carry over to
the Poisson case, but it holds whenever the paths of the l process are continuous
for any strategy expected or chosen.

It is clear that for β̂(µ) = β(ln µ
1−µ ) concave in µ (the receivers’ belief), L

prefers pooling to any other equilibrium, because the expected posterior is lower
than the prior and the variance in the posterior does not increase the payoff.
This result is strengthened in the following proposition.

Proposition 13. If β (ln (z)) is concave in z, then VL is higher in pooling than
in any extremal equilibrium. In that case if VL2 is the value of L in an equilib-
rium with signalling region (l2, l2) and VL1 is the value of L in an equilibrium
with signalling region (l1, l1) ⊂ (l2, l2), then VL1(l) ≥ VL2(l) for all l ∈ (l1, l1).
If β (ln (z)) is convex in z, then VL is lower in pooling than in any extremal
equilibrium and VL1(l) ≤ VL2(l) for all l ∈ (l1, l1).

The idea of the proof is to transform the l process into a zero-drift process
f(l) by an increasing smooth f using Itō’s lemma. The benefit function β is
simultaneously transformed by the inverse of f . Pooling gives L a higher payoff
than an informative extremal equilibrium iff the transformed benefit function is
concave in f(l). It turns out f(l) is the likelihood ratio exp(l).

Proof of Proposition 13. e∗L ≡ 0 in any extremal equilibrium, including pooling,
so the flow cost is the same in all extremal equilibria. The flow benefit compari-
son of equilibria is unaffected if β(l) is written as β(f−1(f(l))) for some strictly
increasing smooth f . Use Itō’s rule to derive the process f(l):

df =
e∗H(l)− e∗L(l)

σ

df

dl
dBt +

(e∗H(l)− e∗L(l))2

2σ2

d2f

dl2
dt

+ σ−2(e∗H(l)− e∗L(l))

(
eL −

e∗H(l) + e∗L(l)

2

)
df

dl
dt.
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The drift of f is zero iff d2f
dl2 = −2

eL− 1
2 (e∗H(l)+e∗L(l))

e∗H(l)−e∗L(l)
df
dl . Impose the equilibrium

condition eL = e∗L and recall that in interval equilibria, e∗H(l) = 1 and e∗L(l) = 0.

This leads to d2f
dl2 = df

dl . Using the normalization f(0) = 1, f ′(0) = 1, we get
f(l) = exp(l) and f−1(z) = ln(z).

If β(ln(z)) is concave in z, which has zero drift, then the expectation of
β(ln(z)) decreases in the variance of z. The variance of z is strictly increasing
in the variance of l. In the pooling equilibrium, l is constant, but in informa-
tive equilibria, it has positive variance. A similar reasoning establishes that if
β(ln(z)) is convex in z, then the payoff of L in any informative equilibrium is
above the pooling payoff. Analogous reasoning shows H prefers pooling to other
extremal effort equilibria iff β(− ln z) is convex in z.

For l ∈
{
l1, l1

}
, it follows from the above that VL1(l) = β(l)

r ≥ VL2(l).

From any point in (l1, l1), the log likelihood ratio process has positive prob-
ability of hitting l1 and positive probability of hitting l1. The flow cost to
L is zero in all extremal equilibria for all l. For the same l, the flow benefit
to L is the same in all extremal equilibria. The distribution over paths of l
up to hitting l1 or l1 starting from l0 ∈ (l1, l1) is the same in the two equi-
libria with signalling regions (l1, l1) and (l2, l2), because in both equilibria in
the region (l1, l1), H takes action 1 and L takes 0. Therefore the continuation
value comparisons VL1(l1) ≥ VL2(l1) and VL1(l1) ≥ VL2(l1) determine the payoff
comparison VL1(l) ≥ VL2(l) for any l ∈ (l1, l1).

If pooling gives the highest payoff to L, then in the class of extremal equi-
libria, L’s payoff is higher in an equilibrium with a smaller signalling region.

Equilibrium strategies are partially characterized in the following lemma. If
L is expected to exert higher effort than H, then a higher signal lowers the log
likelihood ratio. An increasing Vθ then implies that both types optimally choose
0. This result holds whenever the signal process is such that the paths of l are
continuous.

Lemma 14. Fix l0 ∈ R. In any equilibrium, @l ∈ L(e∗) satisfying e∗L(l) =
e∗H(l) > 0 or e∗L(l) > e∗H(l).

Proof. If e∗H(l) = e∗L(l), then the signal is statistically uninformative about the
type, so the log likelihood ratio does not respond to the signal. Given this, both
types will optimally choose eθ(l) = 0. Therefore in equilibrium, it cannot be
that e∗L(l) = e∗H(l) > 0 for some l.

A higher expected signal is more costly to both types. If e∗L(l) > e∗H(l)
is expected, then based on (11), l falls in response to a higher signal. The
flow benefit β(l) strictly increases in l. By Lemma 12, Vθ increases in l. If
e∗L(l) > e∗H(l) is expected, then a higher signal leads to a lower flow benefit, lower
continuation value and higher cost, so both types optimally choose eθ(l) = 0.

By (11), once the log likelihood ratio process reaches the pooling region, l
stays constant forever, so signalling must occur in an interval of l containing l0.
Starting inside the interval, if the l process reaches the boundary, then in the

25



next instant it enters the pooling region due to the rapidly varying Brownian
motion driving l. For this reason, it is w.l.o.g. to consider only open signalling
regions. In light of this and Lemma 14, it is w.l.o.g. to consider only equilibria
in which outside an interval of log likelihood ratios (l, l) 3 l0, both types choose
action 0 and inside that interval, e∗L < e∗H .

The subsequent focus of this section is on extremal equilibria. It can be
shown that if effort only takes values zero and one, then outside an interval
of log likelihood ratios (l, l) 3 l0, both types choose action 0 and inside that
interval, e∗L = 0, e∗H = 1. In (l, l), the l process is a simple Brownian motion
with drift either 1

2 or − 1
2 , depending on whether the sender’s chosen action is

e = 1 or 0.
The value functions in extremal equilibria can be calculated in closed form.

To find the value functions, the HJB equations are solved and a verification
theorem is used to check that the solutions coincide with the value functions.
The HJB equation of type θ is

rVθ(l) = β(l) + max

{
−cθe+ V ′θ (l)σ−2

(
e− 1

2

)}
+

1

2
V ′′θ (l)σ−2.

The HJB equations show that the incentive constraints (ICs) for H to choose
eH(l) = 1 and L to choose eL(l) = 0 in the signalling region are

V ′H(l) ≥ cHσ2, V ′L(l) ≤ cLσ2. (12)

Call these ICH and ICL.
The HJB equation of type θ is

rVθ(l) = β(l) + max

{
−cθe+ V ′θ (l)σ−2

(
e− 1

2

)}
+

1

2
V ′′θ (l)σ−2.

The incentive constraints (ICs) for H to choose eH(l) = 1 and L to choose
eL(l) = 0 in the signalling region are

V ′H(l) ≥ cHσ2, V ′L(l) ≤ cLσ2. (13)

Call these ICH and ICL. After finding the candidate equilibrium, it must be
verified that the ICs hold at every point in the signalling region.

Set the chosen actions equal to the equilibrium actions. The HJB equations
become the pair of linear second-order ODEs

rVH(l) = β(l)− cH +
1

2
V ′H(l)σ−2 +

1

2
V ′′H(l)σ−2,

rVL(l) = β(l)− 1

2
V ′L(l)σ−2 +

1

2
V ′′L (l)σ−2.

This is where using the log likelihood ratio instead of the belief is helpful—with
belief, the ODEs do not have constant coefficients. After solving the ODEs for
VL, VH , the ICs as well as the smoothness conditions for the verification theorem
must be checked at every point in the signalling region.
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The solutions Vθ to the ODEs are the sum of the general solution Cθ1yθ1 +
Cθ2yθ2 of the homogeneous equation and a particular solution yθp of the inho-
mogeneous equation. The general solutions for H and L respectively are

CH1 exp

(
l
−1−

√
1 + 8rσ2

2

)
+ CH2 exp

(
l
−1 +

√
1 + 8rσ2

2

)
,

CL1 exp

(
l
1−
√

1 + 8rσ2

2

)
+ CL2 exp

(
l
1 +
√

1 + 8rσ2

2

)
.

Using d’Alembert’s method, the particular solutions are

yHp = −cH
r

+
2σ2

√
1 + 8rσ2

exp

(
l
−1−

√
1 + 8rσ2

2

)∫
β(l) exp

(
l
1 +
√

1 + 8rσ2

2

)
dl

− 2σ2

√
1 + 8rσ2

exp

(
l
−1 +

√
1 + 8rσ2

2

)∫
β(l) exp

(
l
1−
√

1 + 8rσ2

2

)
dl,

yLp =

2σ2

√
1 + 8rσ2

exp

(
l
1−
√

1 + 8rσ2

2

)∫
β(l) exp

(
l
−1 +

√
1 + 8rσ2

2

)
dl

− 2σ2

√
1 + 8rσ2

exp

(
l
1 +
√

1 + 8rσ2

2

)∫
β(l) exp

(
l
−1−

√
1 + 8rσ2

2

)
dl,

where the integrals are nonelementary even for simple functional forms of β,

e.g. for β(l) = exp(l)
1+exp(l) , which describes linear benefit from the receivers’ belief.

Imposing the boundary conditions Vθ(l) = β(l)
r and Vθ(l) = β(l)

r , the con-
stants in the general solution for H are

CH1 =
yH2(l)[β(l)

r − yHp(l)]− yH2(l)[β(l)
r − yHp(l)]

yH1(l)yH2(l)− yH2(l)yH1(l)
,

CH2 =
−yH1(l)[β(l)

r − yHp(l)] + yH1(l)[β(l)
r − yHp(l)]

yH1(l)yH2(l)− yH2(l)yH1(l)
.

The constants for L are determined by a similar expression, replacing the H
subscripts with L.

Now that all components of the solutions of the HJB equations have been
found, it can be verified that they coincide with the candidate value functions.
The ICs remain to be checked.

Lemma 15. The solutions VH , VL of the HJB equations equal the candidate
value functions in the signalling region. The Markov controls for the HJB equa-
tions maximize the candidate value functions.
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Proof. For any signalling region (l, l), the solutions of the ODEs are differen-
tiable at least as many times as β on (l, l) and continuous on [l, l]. Since β was
assumed twice continuously differentiable, VL and VH are so as well. Given the
signalling region, VH , VL are bounded for any path of l and control eθ. Therefore
VH(l), VL(l) are integrable in the probability law of the l process that starts from
l0 and is controlled by eθ, uniformly over Markov controls eθ. So by Theorem
11.2.2 of Øksendal (2010), VL, VH coincide with the value functions VL, VH .

Under the previous conditions, Theorem 11.2.3 of Øksendal (2010) shows
that the optimal Markov control does as well as the optimal nonanticipating
control, so if the receivers expect Markov strategies, then both types of the
sender have a Markov best response. This does not imply that the payoffs of
all non-Markov equilibria can be attained with Markov equilibria, since in a
non-Markov equilibrium the receivers expect non-Markov strategies.

The value functions show that the set of equilibria depends on r and σ2

only through their product rσ2. Closed form comparative statics results are
not available for parameters other than cL due to the complexity of the Vθ
expressions. For every candidate signalling region (l, l), there exists some ĉL s.t.
for cL < ĉL, it is optimal for L to signal in (l, l) and for cL ≥ ĉL, optimal not
to signal. If L signals in (l, l), then it cannot be an extremal equilibrium. If L
does not signal, then necessary and sufficient for equilibrium is that H chooses
to signal.

Conditions for the existence of nontrivial extremal equilibria are provided
next. They are similar to the Poisson model—an informative equilibrium exists
iff the maximal benefit from signalling is large enough to incentivize H to signal.

Proposition 16. If ∃l ∈ R with β′(l)
r > cHσ

2, then ∃l0 ∈ R contained in the

signalling region of an extremal equilibrium. If @l ∈ R with β′(l)
r ≥ cHσ

2, then
pooling is the unique equilibrium.

The idea of the proof is that the slopes of the value functions are close to the
slope of β for small signalling intervals. If the slope of the benefit function is high
enough at some point l to incentivize H to signal at l (provided the receivers
expect e∗L(l) = 0, e∗H(l) = 1), then there exists another point l0 with β′(l0) low
enough not to incentivize L to signal, but high enough to still incentivize H.
An informative extremal equilibrium can then be constructed with a signalling
interval containing l0.

Proof of Proposition 16. The proof first shows that if there exists l ∈ R s.t.
β′(l)
r > cHσ

2, then there exists l0 ∈ R s.t. cLσ
2 > β′(l0)

r > cHσ
2. An informative

extremal equilibrium is constructed with a length-ε signalling region (l, l) 3 l0.
The HJB equation of type θ is

rVθ(l) = β(l) + max

{
−cθe+ V ′θ (l)σ−2

(
e− 1

2

)}
+

1

2
V ′′θ (l)σ−2.

28



The incentive constraints (ICs) for H to choose eH(l) = 1 and L to choose
eL(l) = 0 in the signalling region are V ′H(l) ≥ cHσ

2 and V ′L(l) ≤ cLσ
2. These

ICs are verified on (l, l) by showing V ′H(l), V ′L(l) are close to β′(l0)
r .

First, the average slope of β(l)
r over (l, l) is close to β′(l0)

r . Second, the average

slopes of VL, VH over (l, l) equal the average slope of β(l)
r . Third, at any l close

to l0, V ′H(l), V ′L(l) are close to the average slope of VL, VH over (l, l).
β ∈ C2 and bounded, so liml→−∞ β′(l) = 0 = liml→∞ β′(l). We know that

at some l ∈ R, β′(l) > cHrσ
2. By the Mean Value Theorem ∃δ > 0, ∃l0 ∈ R s.t.

cHrσ
2+2δ < β′(l0) < cLrσ

2−2δ. By β′ ∈ C1, the average slope of β over a small
interval containing l0 is close to β′(l0). Formally, there exists ε > 0 s.t. for any

l, l satisfying l < l0 < l and l− l < ε, we have cHσ
2 + δ

r <
β(l)−β(l)

r(l−l) < cLσ
2 − δ

r .

The value functions VL, VH are infinitely differentiable on the signalling inter-
val (l, l), continuous on R and satisfy the boundary conditions VH(l) = VL(l) =
β(l)
r and VH(l) = VL(l) = β(l)

r . By the Mean Value Theorem, there exist

l̂L, l̂H ∈ (l, l) satisfying V ′L(l̂L) = V ′H(l̂H) = β(l)−β(l)

r(l−l) .

By the smoothness of V ′H , V
′
L, if the ICs are satisfied at some l̂L, l̂H ∈ (l, l),

then for a small enough (l, l), the ICs are satisfied at all l ∈ (l, l). Formally, for
any δ > 0 there exists ε3 > 0 s.t. if l − l < ε3, then

max
l∈(l,l)

∣∣∣∣V ′L(l)− β(l)− β(l)

r(l − l)

∣∣∣∣+

∣∣∣∣V ′L(l)− β(l)− β(l)

r(l − l)

∣∣∣∣ < δ

r
.

Take l, l satisfying l < l0 < l and l − l < min {ε3, ε}, then for all l ∈ (l, l), we
have cHσ

2 < V ′H(l), V ′L(l) < cLσ
2. The ICs are satisfied, so (l, l) is the signalling

region of an interval equilibrium, with l0 ∈ (l, l).
If @l ∈ R satisfying cHrσ

2 ≤ β′(l), then there is no signalling interval on
which ICH can be satisfied at every point. The average slope of VH over any
interval is less than cHσ

2, so at some l in the interval, V ′H(l) < cHσ
2. The

maximal benefit to signalling at l occurs when the expectations of the market are
e∗H(l) = 1, e∗L(l) = 0. If H cannot be incentivized to signal at these expectations,
then no other expectations incentivize H to signal either. Pooling is then the
unique equilibrium.

It is clear that for any l ∈ R, σ2 > 0, cL > cH > 0, and strictly increasing
β(l), there exists r ∈ (0,∞) that makes the sufficient condition in Proposi-
tion 16 hold. One can always find a level of patience for a nontrivial extremal
equilibrium to exist.

Next it is shown numerically that there need not exist a ‘maximally infor-
mative’ equilibrium in the Brownian case. Until the end of this section, it is

assumed that β(l) = exp(l)
1+exp(l) , so the sender’s benefit from the receivers’ belief

equals the belief.
In Figure 2, signalling intervals (l, l) are depicted as points on a plane, with

the x-coordinate of the point equalling l and the y-coordinate equalling l. Panel
(a) shows the area where ICH holds and panel (b) the area where ICL holds.
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The shaded area on panel (c) is the intersection of panels (a) and (b). The
disconnectedness of the set of equilibrium signalling regions is in part due to
restricting attention to extremal equilibria.

A signalling region containing all others would be a point at the upper left
corner of the shaded area of panel (c), i.e. a point that simultaneously maximizes
l and minimizes l. Figure 2 shows that for cH = 0.15, cL = 0.28 and r = σ2 = 1,
the intervals (−1.2,−0.6) and (−0.7,−0.4) are equilibria, but (−1.2,−0.4) is
not. The union of equilibrium signalling regions need not be an equilibrium,
unlike in the Poisson signalling game.

(a) ICH holds (b) ICL holds (c) Both ICs hold

Figure 2: Region where ICs hold for cH = 0.15, cL = 0.28, r = σ2 = 1.

The difference between VH and the pooling payoff may be positive or negative
and may increase or decrease in l0. In Spence’s model, the difference always
decreases in l0, because there is less scope for the log likelihood ratio to rise
(l =∞ after the high action).

So far, only equilibria with effort zero or one have been considered. Other
kinds of equilibria also exist: one class is where e∗H ∈ (0, 1) and e∗L = 0, another
class has e∗H = 1 and e∗L ∈ (0, 1). These are discussed in the next section.

A natural question is whether the above results are driven by the linear
cost. Section 4.2 solves a Brownian signalling game with quadratic cost. A
continuum of equilibrium signalling intervals is shown to exist, and on each
signalling interval, a continuum of equilibrium effort profiles.

4.1.1 Interior effort equilibria

In the one-shot noisy signalling game, interior effort equilibria exist for some
parameter values, so a natural question is whether this is also the case in the
Brownian model.

Given efforts e∗L, e
∗
H that the market expects and the chosen strategy eθ, the

log likelihood ratio process satisfies

dlt = σ−2(e∗H − e∗L)

(
eθ −

1

2
e∗H −

1

2
e∗L

)
dt+

e∗H − e∗L
σ

dBt, (14)
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due to dXt = etdt+ σdBt and the continuous time Bayes’ rule.
If the strategy (e∗L, e

∗
H) the market expects is Lipschitz in l, then by The-

orem 3.1 of Touzi (2013), Eq. (14) has a unique strong solution, so the log
likelihood ratio process is well defined. The Lipschitz condition must be verified
after solving for the optimal strategies.

Since H has a lower cost for any e > 0 than L, while the benefit from the
future path of the receivers’ log likelihood ratio is the same, only one of the
types can be taking interior effort at a given l. If H takes e ∈ (0, 1) and is
therefore indifferent between e = 0 and e = 1, L strictly prefers e = 0. If L
takes interior effort, then H strictly prefers e = 1.

Following the same solution procedure as with pure strategies, the HJB
equation of type θ is

rVθ(l) = β(l) +
1

2
V ′′θ (l)σ−2(e∗H(l)− e∗L(l))2

+ max
e∈[0,1]

{
−cθe+ V ′θ (l)σ−2(e∗H(l)− e∗L(l))[e(l)− 1

2
e∗H(l)− 1

2
e∗L(l)]

}
.

Outside the signalling region (l, l), both types always take action 0. If the
equilibrium features e∗H ∈ (0, 1) and e∗L = 0, then it must be that e∗H(l)−e∗L(l) =
cHσ

2

V ′H(l) (for H to be indifferent between e = 0 and 1) and V ′L(l)(e∗H − e∗L) ≤ cLσ2

(the ICL constraint). Using the indifference condition and e∗L = 0, ICL reduces

to
V ′L(l)
V ′H(l) ≤

cL
cH

. ICL, as well as the feasibility constraint e∗H(l) = cHσ
2

V ′H(l) ∈ [0, 1]

must be checked after solving for candidate equilibrium strategies and value
functions. The feasibility constraint is equivalent to V ′H(l) ≥ cHσ2.

Equating eθ and e∗θ and substituting cHσ
2

V ′H(l) for e∗H and 0 for e∗L, the following

pair of second order ODEs obtains.

rVH(l) = β(l)− c2Hσ
2

2V ′H(l)
+
c2Hσ

2V ′′H(l)

2(V ′H(l))2
,

rVL(l) = β(l)− c2Hσ
2V ′L(l)

2(V ′H(l))2
+
c2Hσ

2V ′′L (l)

2(V ′H(l))2
.

The boundary conditions are Vθ(l) = β(l)
r and Vθ(l) = β(l)

r .
Since the H type equation does not depend on the variables of L, it can be

solved first. After that, V ′H can be substituted into the L type equation. It is
clear from the similarity of the equations that the solution to the L equation is
VL = VH . If β is concave on the signalling region, then both types are worse off
in this interior effort equilibrium than in pooling. In both equilibria, VL = VH ,
but with interior effort, a signalling cost is paid. The concavity of β implies
that the variance in the posterior of the receivers does not benefit the sender.

Due to VL = VH , the ICL constraint
V ′L(l)
V ′H(l) ≤

cL
cH

is always satisfied. The

set of possible signalling regions is limited only by the feasibility constraint
V ′H(l) ≥ cHσ2.
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Unfortunately, the ODEs resulting from mixed equilibria do not belong to
a standard class for which simple solution methods exist. They must be solved
numerically. Figure 3 shows VH and e∗H for cH = 0.1, r = σ2 = 1 and signalling
region l = −0.5, l = 0.5.

(a) Top curve
exp(l)

r(1+exp(l))
, bottom VH

(b) e∗H(l)

Figure 3: Equilibrium where H mixes: payoff and strategy of H for cH = 0.1,
r = σ2 = 1, l = −0.5, l = 0.5.

If the equilibrium features e∗L ∈ (0, 1) and H choosing 1, then the indifference

condition of L is e∗H − e∗L = cLσ
2

V ′L(l) and ICH is V ′H(l)(e∗H − e∗L) ≥ cHσ2. Using the

indifference condition, the latter reduces to
V ′H(l)
V ′L(l) ≥

cH
cL

, which is slack near l due

to VH ≥ VL, but may bind elsewhere. ICH as well as the feasibility constraint
cLσ

2

V ′L(l) ∈ [0, 1] must be checked after solving for candidate equilibrium strategies

and value functions. The feasibility constraint is equivalent to V ′L ≥ cLσ2.

Equating eθ and e∗θ and substituting 1 − cLσ
2

V ′L(l) for e∗L and 1 for e∗H , the

following pair of second order ODEs obtains.

rVH(l) = β(l)− cH +
c2Lσ

2V ′H(l)

2(V ′L(l))2
+
c2Lσ

2V ′′H(l)

2(V ′L(l))2
,

rVL(l) = β(l)− cL +
c2Lσ

2

2V ′L(l)
+
c2Lσ

2V ′′L (l)

2(V ′L(l))2
.

The boundary conditions are the usual Vθ(l) = β(l)
r and Vθ(l) = β(l)

r . An
example of the solution of the ODEs and the optimal strategy for L is shown in
Figure 4. The shapes of VH , VL and e∗L for other equilibrium signalling regions
are similar. Widening the signalling region will eventually violate the feasibility
constraint V ′L ≥ cLσ

2 at l. This means L does not want to signal close to
the lower end of the signalling region, where reaching l is unlikely due to the
downward drift of l that L expects.

The payoff of H in the signalling region is strictly greater than that of L,
because L is indifferent between mixing and setting e∗L = 1 to imitate H, but
the cost of e = 1 is lower for H than for L.
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(a) Top to bottom:
exp(l)

r(1+exp(l))
, VH ,

VL

(b) e∗L(l)

Figure 4: Equilibrium where L mixes: payoffs and L’s strategy for cH = 0.1,
cL = 0.2, r = σ2 = 1, l = −0.05, l = 0.05.

Figure 5: Region where ICH and feasibility constraint hold (shaded) for cH =
0.1, cL = 0.2, r = σ2 = 1.

33



The signalling regions that satisfy ICH and the feasibility constraint for the
equilibrium where L takes interior effort are depicted in Figure 5. The binding
constraint is feasibility—the set of regions satisfying it is a proper subset of the
set of regions satisfying ICH . Compared to equilibria in which e∗θ ∈ {0, 1} at
the same parameter values, the signalling regions sustainable in equilibria where
e∗L ∈ (0, 1) are much narrower. This is because the difference between the efforts
expected from the types is smaller, so the benefit to signalling is smaller, and
the cost for L to signal is higher than that for H.

4.2 Quadratic cost

The setup in this section resembles the linear-cost Brownian model, but the
results differ in an important way due to unusual mathematical behaviour of
the model. Given a signalling region, a continuum of effort profiles of the types
constitute equilibria. Perturbing the quadratic cost model by changing the cost
function slightly or by making the signal depend on the type as well as the
action removes the linear dependence of the FOCs that makes the continuum
of equilibria arise for a fixed signalling region.

The actions, costs, signal process and strategies are the same as with linear
cost. The flow utility of a sender of type θ is

uθ(l, e) = β(l)− cθ
2
e2
θ,

so the cost of effort is quadratic.
Overall, the game consists of two stochastic control problems, one for each

type, related by an equilibrium condition. The solution procedure can be divided
in two parts. First, given the equilibrium efforts the receivers expect from the
two types of sender, a standard stochastic control problem is solved for each
type to find the best response. Second, the chosen strategy is set equal to the
strategy expected from the sender and solved for. The unusual mathematical
features arise in the second part, where many strategies satisfy the equilibrium
condition.

The log likelihood ratio process is defined by

dlt = σ−2(e∗H(lt)− e∗L(lt))

(
eθ −

1

2
e∗H(lt)−

1

2
e∗L(lt)

)
dt (15)

+
e∗H(lt)− e∗L(lt)

σ
dBt,

due to dXt = etdt + σdBt. In the signalling, region it must be that e∗H > e∗L,
otherwise belief would fall or remain constant in the costly signal, which would
make both types deviate to eθ = 0. As a sufficient condition for the belief
process to be well-defined and unique, assume the receivers expect strategies
e∗H , e∗L that are Lipschitz in l. It will turn out that the sender has a best
response that is Lipschitz.

Lemma 17. If the receivers expect strategy (e∗H , e
∗
L) that is Lipschitz in l, then

there is a unique belief process satisfying (15).
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Proof. If for any control eθ, the drift and variance in (15) are bounded and
Lipschitz in belief, then by Theorem 3.1 of Touzi (2013), Eq. (15) has a unique
strong solution. Since e∗H , e∗L are Lipschitz in l by assumption and the action
space [0, 1] is bounded, the drift of the belief process σ−2(e∗H(l)− e∗L(l))(eθ(l)−
1
2e
∗
H(l) − 1

2e
∗
L(l)) and the variance

(e∗H(l)−e∗L(l))2

σ2 are both Lipschitz in l and
bounded.

Definition 6. A Markov stationary equilibrium consists of a strategy (e∗H , e
∗
L)

and a log likelihood ratio process (lt)t≥0 s.t.

1. given (lt)t≥0, e∗θ solves

max
eθ(·)

Eeθ
[∫ ∞

t

exp(−rs)
[
β(ls)−

cθ
2
e2
θ(ls)

]
ds|lt=0 = l0

]
,

where the expectation is over the process (lt)t≥0,

2. given (e∗H , e
∗
L), (lt)t≥0 is derived from Bayes’ rule (15).

The focus is on pure-strategy Markov stationary equilibria, where in an
interval of log likelihood ratios (l, l) 3 l0 at least one type chooses eθ > 0.
Once l reaches l or l, both types choose eθ = 0 forever. Such equilibria are
called interval equilibria. The interval (l, l) is called the signalling region and
its complement the pooling region. The reachable set L(e∗) given a strategy e∗

the receivers expect is defined as with linear cost.

Lemma 18. Fix l0 ∈ R. For any interval equilibrium e∗ and l ∈ L(e∗), it
cannot be the case that e∗L(l) = e∗H(l) > 0 or that e∗L(l) > e∗H(l).

The proof is the same as in the linear cost case (Lemma 14.
The same observations as in the linear cost case can be made about the value

functions. The proof is identical.

Lemma 19. VH(l) ≥ VL(l) ∀l0 ∈ R ∀e∗ ∀l ∈ L(e∗). If under the optimal

(eL, eH) starting at l, there is a positive probability of reaching some l̂ with

eL(l̂) > 0, then VH(l) > VL(l). βmin

r ≤ Vθ(l) ≤ βmax

r , with strict inequalities if
l ∈ R. Vθ is strictly increasing.

With β concave in the signalling region, the L type strictly prefers pooling
to an informative equilibrium, in the sense that for any log likelihood ratio
of the receivers, the payoff of L is higher in a pooling equilibrium than in an
informative equilibrium.

Proposition 20. If β is concave in the signalling region of an interval equilib-

rium, then VL(l) < β(l)
r for all l in the signalling region.

Proof. L exerts no effort in pooling, but takes positive effort in an informative
equilibrium, so the flow cost is greater in the informative equilibrium. The flow
benefit β is increasing in the log likelihood ratio l. In pooling, l stays constant at
l0 forever, while in an equilibrium with a nonempty signalling region, L expects
l to strictly decrease. With a concave β, there is no benefit from the noise in

the l process. This establishes VL(l) < β(l)
r .
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To solve the control problems of the types, the HJB equations are solved and
a verification theorem is used to check that the solutions of the HJB equations
coincide with the value functions. To use Theorem 11.2.2 of Øksendal (2010)
to prove that the solutions of the HJB equations equal the value functions,
it is sufficient that the solutions are twice continuously differentiable on (l, l),
continuous on [l, l] and integrable in the probability law of l given the starting
state l0, uniformly over Markov controls eH , eL. As will be seen, these conditions
are satisfied by the solutions of the HJB equations.

Under these conditions, Theorem 11.2.3 of Øksendal (2010) shows that the
optimal Markov control does as well as the optimal nonanticipating control, so
if the receivers expect Markov strategies, then both types of the sender have a
Markov best response. This does not imply that the payoffs of all non-Markov
equilibria can be attained with Markov equilibria, since in a non-Markov equi-
librium the receivers expect non-Markov strategies.

The HJB equation of type θ is

rVθ(l) = β(l) +
(e∗H(l)− e∗L(l))2

2σ2
V ′′θ (l)

+ max
eθ

{
−cθ

2
e2
θ + V ′θ (l)σ−2(e∗H(l)− e∗L(l))

[
eθ −

1

2
e∗H(l)− 1

2
e∗L(l)

]}
.

The FOC of the type θ HJB equation is −cθeθ + V ′θ (l)σ−2(e∗H(l) − e∗L(l)) = 0,
so given the efforts expected by the market, both types have a unique optimal

action eθ =
(e∗H(l)−e∗L(l))V ′θ (l)

cθσ2 . The second order condition is −cθ < 0 for all
eθ, so the FOCs are necessary and sufficient for a strict global maximum. This
is not surprising, because the cost is quadratic and the benefit is linear in the
control variable eθ.

Thus far, the control problems of the two types of the sender were solved for
a given strategy expected by the receivers. For the second part of the solution
of the signalling game, the equilibrium condition eθ = e∗θ is imposed. The L
type FOC then becomes

e∗L(l) =
V ′L(l)

cLσ2 + V ′L(l)
e∗H(l). (16)

Substituting for e∗L in the H type FOC gives

cHe
∗
H(l) = V ′H(l)σ−2

[
1− V ′L(l)σ−2

cL + V ′L(l)σ−2

]
e∗H(l).

Therefore for any l, either e∗H(l) = 0 = e∗L(l) or cHcL+cHV
′
L(l)σ−2 = cLV

′
H(l)σ−2.

The latter is equivalent to

V ′H(l) = cHσ
2 +

cH
cL
V ′L(l). (17)

The only corner solution is e∗H = e∗L ≡ 0. Other corner solutions would involve
e∗H(l) > 0 and e∗L(l) = 0 for some l in the signalling region. The H type control
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problem has an interior solution if e∗H(l) > 0 and the H type FOC is then
satisfied. This implies an equation similar to (16), except derived from the H
type FOC, requiring both e∗H and e∗L to be positive or both zero.

The relationship between the efforts and payoffs of the two types given by
Eqs. (16) and (17) is similar to the one-shot model with quadratic cost, where
e∗L = cH

cL
e∗H and the expected utilities of the types are linearly related. This is

not surprising, as in both cases the conditions are derived from the FOCs of
quadratic problems with a similar structure.

The following lemma gives conditions on solutions of the HJB equations that
are sufficient for these solutions to form an interval equilibrium with a nonempty
signalling region (an informative equilibrium). Subsequently, Proposition 22
provides restrictions on parameters that are sufficient for the existence of a
particular kind of interval equilibrium.

Lemma 21. e∗L, e∗H , VL and VH constitute an interval equilibrium with sig-
nalling region (l, l), where l < l, if all of the following hold

1. e∗L, e∗H , VL satisfy Eq. (16) for all l ∈ (l, l),

2. VL and VH satisfy Eq. (17) for all l ∈ (l, l),

3. VL, VH are twice continuously differentiable on (l, l),

4. VL, VH are continuous on [l, l],

5. VL, VH are integrable in the probability law of l given the starting state l0,
uniformly over Markov controls eH , eL,

6. e∗L, e
∗
H are Lipschitz in l on (l, l),

7. 0 < e∗L, e
∗
H ≤ 1,

8. VL ≤ VH .

Proof. If l < l, then Eqs. (16) and (17) together are necessary and sufficient
for e∗L, e∗H , VL and VH to solve the HJB equations and satisfy the equilibrium
condition.

If VL, VH are twice continuously differentiable on (l, l), continuous on [l, l]
and integrable in the probability law of l given the starting state l0, uniformly
over Markov controls eH , eL, then by Theorem 11.2.2 of Øksendal (2010), they
coincide with the value functions. In that case, e∗L, e∗H are the optimal Markov
controls for VL and VH and by Theorem 11.2.3 of Øksendal (2010), e∗L and e∗H
maximize VL and VH in the class of all nonanticipating controls.

The Lipschitz condition on e∗L, e
∗
H is sufficient for the belief process to be

well-defined (Lemma 17).
The restrictions 0 < e∗L, e

∗
H ≤ 1 and VL ≤ VH come from first principles and

Lemma 19.

Proposition 22. An interval equilibrium with signalling region (l, l) is formed
by
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• VH(l) = β(l)
r ,

• VL(l) =

{
cLβ(l)
cHr

− cLσ2l if l ∈ (l, l),
β(l)
r if l /∈ (l, l),

• e∗H = 1
{

(l, l)
}

and

• e∗L(l) =

{
1− cHrσ

2

β′(l) if l ∈ (l, l),

0 if l /∈ (l, l),

if the following hold

1. l < l satisfy

β(l) =
cLcHrσ

2

cL − cH
l, β(l) =

cLcHrσ
2

cL − cH
l, (18)

2. β′(l)
r > cHσ

2 for all l ∈ (l, l),

3. β(l)
r ≤

cLcHσ
2

cL−cH l for all l ∈ (l, l).

Proof. For VH , VL, e∗H and e∗L to form an interval equilibrium with signalling
region (l, l), it is sufficient that they satisfy the assumptions of Lemma 21. Here
by definition, e∗L, e∗H , VL satisfy Eq. (16) and VL and VH satisfy Eq. (17) for all
l ∈ (l, l).

Since β is assumed bounded and twice continuously differentiable, VH , VL
are twice continuously differentiable on (l, l), bounded and integrable in the
probability law of l given the starting state l0, uniformly over Markov controls
eH , eL.

The payoff in the pooling region provides the boundary conditions Vθ(l) =
β(l)
r and Vθ(l) = β(l)

r . Since Vθ is twice continuously differentiable on (l, l),

for it to be continuous on [l, l] it is sufficient that liml→l+ Vθ(l) = β(l)
r and

lim
l→l− Vθ(l) = β(l)

r . These conditions clearly hold for VH = β(l)
r . For VL,

they hold iff Eqs. (18) hold. This may be seen by rearranging liml→l+ VL(l) =
cLβ(l)
cHr

− cLσ2l = β(l)
r = VL(l).

If β′(l)
r > cHσ

2, then e∗L(l) > 0. In the signalling region, e∗H > 0 holds by
assumption.

VH(l) ≥ VL(l) may be written as β(l)
r ≥ cLβ(l)

cHr
− cLσ

2l, or equivalently
β(l)
r ≤

cLcHσ
2

cL−cH l.

Slightly perturbing VH and e∗H (while ensuring e∗H ≤ 1) in Proposition 22
and again deriving VL and e∗L from (17) and (16) results in a different interval
equilibrium with the same signalling interval. Proposition 22 essentially says
that in a certain parameter region, there is a degree of freedom in specifying e∗L,
e∗H and also in specifying VL, VH . In the signalling region, fixing one of e∗L, e∗H
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and one of the other three functions determines the remaining two via Eqs. (16)
and (17). The degree of freedom is specific to the model with a quadratic cost
of effort and does not have a natural interpretation.

Despite the quadratic cost of effort and the bounded benefit from belief, it
would be possible to have arbitrarily large signalling efforts in equilibrium if
effort was not restricted to [0, 1]. The key is that as efforts grow, the difference
in efforts also becomes large and the drift and volatility of the log likelihood
ratio process are proportional to this difference. With large efforts, l quickly
moves out of the region where the equilibrium prescribes the large efforts. As
the cost of effort gets large, it is only paid for a very short time in expectation.
This may be the case for many other cost functions, but only with quadratic cost
is the increase in the effort cost exactly offset by the decrease in the duration
of the effort.
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